1. Introduction. Let k t (x, y) be the integral kernels of the semigroup of linear operators {T t } t>0 generated by a Schrödinger operator −A = ∆−V on R
Introduction. Let k t (x,
will play a crucial role in the paper. The function m(x, V ) is well defined, and 0 < m(x, V ) < ∞ (cf. [Sh] ). We set
For a positive ε (small) we define The atomic quasi-norm of an element f ∈ H p A is given by
where the infimum is taken over all decompositions f = j λ j b j , where λ j are scalars and b j are H p A -atoms. The main result of the paper is the following theorem:
Remark. We point out that the notion of H p A -atom, and, in consequence, the norm f H p A -atom depend on ε (see (1.11)). However, we shall prove that (1.14) holds for any fixed ε > 0 provided ε is small enough.
It follows from Lemma 1.7 that for p ∈ (p 0 , 1], where
In this case the atoms are appropriately scaled local atoms in the sense of Goldberg (cf. [G] ). For p = 1 the above result was obtained in [DZ2] . Therefore we shall restrict our attention to the case where p ∈ (d/(d + 1), 1).
Auxiliary definitions. A function a is said to be an (h
We say that a function b is an (H 
Similarly, b is said to be a generalized (H p A , 1, ε, M )-atom associated with a ball B(x 0 , r) if (2.5)-(2.6) are satisfied for b instead of a and (2.7) is replaced by
Let us note that every (h
It is not difficult to prove the following lemma, using the properties of the function m stated in Lemma 4.3 and Corollary 4.6.
The constant C depends on m and p, but it is independent of ε. 
The norm in the space
It is not difficult to prove the following proposition.
3. Idea of the proof of atomic decomposition. In order to prove the second inequality in (1.14) it suffices to show that there are constants C, ε 0 > 0 such that for every 0 < ε < ε 0 if
, and
To prove this we consider the following identity based on the perturbation formula:
,t are the operators with the integral kernels
We shall show that the following two lemmas hold:
Lemma 3.2. There exists a constant C > 0 independent of ε such that
The proof of the lemma is given in Section 8.
See Section 6 for the proofs of (3.5), (3.6), and Section 7 for the proof of (3.7).
Having these, we obtain
. As a consequence of Lemma 2.9 and the fact that every compactly sup-
provided ε is close to 0. Applying Corollary 2.10 we get (3.1).
The paper is organized as follows. In Section 4 we provide the proofs of Lemmas 1.6 and 1.7. The proof of Lemma 2.9 is presented in Section 5. Section 6 is devoted to the proofs of (3.5) and (3.6), whereas the proof of (3.7) is given in Section 7. The proof of Lemma 3.2 occupies Section 8. Finally, in Section 9 we show the first inequality in (1.14).
Auxiliary estimates.
In the present section we state some result concerning the estimates of the kernels associated with the semigroup {T t } t>0 . At the end of the section we prove Lemmas 1.6 and 1.7.
Lemma 4.1 (see [Sh, Lemma 1.2] ). For every nonnegative potential V ∈ RH q , q > d/2, there exists a constant C > 0 such that for every 0 < r < R we have
We say that a function ψ defined on R d is rapidly decaying if for every N > 0 there exists a constant C N such that
Corollary 4.8. If ψ is a rapidly decaying nonnegative function, then there exists a constant C > 0 such that
The Kato-Trotter formula asserts that
A proof of the theorem below can be found in [K] (see also [DZ4] ).
Proposition 4.11. For every 0 < δ < δ 0 there exists a constant c > 0 such that for every M > 0 there exists a constant C > 0 such that for |h| < √ t, we have
Proof. Obviously, using Theorem 4.10 and Lemma 4.3, we see that (4.12) holds for t/2 ≤ |h| ≤ √ t. We first prove (4.12) under the assumption |h| ≤ |x − y|/4. Theorem 4.10 combined with Lemma 4.3 implies that for |h| < |x − y|/4 one has
Therefore it suffices to verify (4.12) for |h| ≤ R(y).
One can prove (see [DZ4, Proposition 2.17] ) that for every 0 < δ < δ 0 there is a constant c > 0 such that for |h| ≤ |x − y|/4, |h| ≤ R(y), we have
which combined with (4.13) gives (4.12).
To complete the proof, we have to consider |x − y|/4 < |h| ≤ t/2. By the semigroup property,
Obviously, by Theorem 4.10,
Since |z − y| > 4|h|, we apply (4.12) and obtain
Hence, by the assumption |x − y|/4 < |h| ≤ t/2, we have
Applying Lemma 4.3, we get (4.12) for |x − y| < 4|h|.
Let A ε (x, y) denote the integral kernel of the operator A ε . Then (4.14)
It follows from (4.14) that there exist constants C, c > 0 such that
For a fixed nonnegative M we set
Proof. It suffices to show that (4.17)
where lim ε→0 + c(ε) = 0. Split
By (4.15) and Corollary 4.6 we have
Applying Corollaries 4.6 and 4.2, and the fact that 1+|x|/R(0) ∼ 1+|y|/R(0) for |x − y| ≤ 2R(y) (cf. Lemma 4.3), we obtain (4.18)
Now we estimate I 2 . By (4.15),
It follows from (4.4) that
Thus, using Lemma 4.7, we have
Observe that, by (4.5),
Hence, by Lemma 4.7, we obtain (4.19)
Now (4.17) follows from (4.18) and (4.19).
Setting M = 0 we get Corollary 4.20.
where lim ε→0 + c(ε) = 0. 
Proof of Lemma 1.7. We shall show that for every δ < δ 0 there exist constants C δ and ε 0 > 0 such that
be the kernels of the operators A * ε . We are going to prove that (4.22)
It suffices to show (4.21) for |h|m(x, V ) ≤ 1/4. We have
Applying (4.15) and Corollary 4.2 we get
Hence, by Corollary 4.6,
Note that for |h| < |x − y|/4 we have
2 ) .
Application of Lemma 4.3 leads to
with a constant γ > 0. Therefore setting n = [log 2 (R(x)/|h|)] + 1, and using (4.23) and Corollary 4.2, we obtain
Finally, by (4.23) and Lemma 4.7, we get
which completes the proof of (4.22). It follows from (4.22) that There is no loss of generality in assuming that y 0 = 0. Since
Now (4.21) is a consequence of (4.24). Indeed,
|G ε (x + h) − G ε (x)| = ∞ n=1 ((−A * ε ) n 1(x + h) − (−A * ε ) n 1(x)) = ∞ n=0 −A * ε ((−A * ε ) n 1)(x + h) + A * ε ((−A * ε ) n 1)(x) ≤ ∞ n=0 C(|h|m(x, V )) δ (−A * ε ) n 1 L ∞ ≤ C(|h|m(x, V )) δ ∞ n=0 A * ε n L ∞ →L ∞ ≤ C(|h|m(x, V )) δ ∞ n=0 c(ε) n ≤ C(|h|m(x, V )) δ .
Proof of Lemma 2.9. For
ε > 0, y 0 ∈ R d , 0 < r ≤ εR(y 0 ), and M ≥ 0 we define the space L 1 ε,r,y 0 ,M by L 1 ε,r,y 0 ,M = f : |f (x)| 1 + |x − y 0 | r 1 + |x − y 0 | εR(y 0 ) M dx = f L 1 ε,r,y 0 ,M < ∞ . H p SPACES 17 Let L 1 ε,r,y 0 ,M,0 = {f ∈ L 1 ε,r,y 0 ,M : f (x) dx = 0}. Set (5.1) G ε f (x) = (G ε (x) − 1)f (x) + G ε (x)A ε f (x). Lemma 5.2. For every M ≥ 0 we have lim ε→0 + G ε L 1 ε,
Proof. Note that
we need only show that
with c(ε) → 0 as ε → 0. Note that there is a constant C > 0 such that
2 ) for 4|y| < |x|.
J. DZIUBAŃSKI AND J. ZIENKIEWICZ Obviously, by (4.4), since 0 < ε < 1, we have
. Therefore, applying Corollary 4.20, we get
we use again (4.15) and Corollary 4.20 to obtain
uniformly with respect to y 0 and r.
Proof. By Lemma 1.6 it is enough to show that
We shall prove this for y 0 = 0. The proof for arbitrary y 0 is identical. By 
Proof of Lemma 2.9. Since G ε (Id + A ε ) = Id + G ε , Lemma 2.9 follows from Lemma 5.2, Lemma 5.4, and the equality
Estimates of the kernels E t , H t and related maximal functions
Lemma 6.1. There exist constants C, c > 0 such that for every η > 0 and every y ∈ R d we have
Proof. This is a direct consequence of (1.2).
Proof. See the proof of Proposition 3.2 in [DZ3] .
Let k ζ (x, y) be the integral kernel of the operator T ζ .
Lemma 6.3. There exists a constant c > 0 such that for every M > 0 there exists a constant C > 0 such that for every η > 0 and every y ∈ R d we have 
Proof. We have
(with c > 0 small enough) and using the fact that |k ζ (x, y)| = |kζ(y, x)| we get the required estimate.
Proposition 6.5. There exists a constant c > 0 such that for every M > 0 there exists a constant C > 0 such that
Proof. By Corollary 6.4 it suffices to prove the estimate for 0 < s < t/20. Using the Cauchy integral formula and Corollary 6.4 we get
Lemma 6.6. There exists a rapidly decaying function ψ such that
Proof. From Theorem 4.10 we conclude
We note that for |z| > |x − y|/4 we have
then, by Corollary 4.8, we obtain
Applying again Corollary 4.8 we get
There exists a rapidly decaying function ψ such that
Proof. It suffices to show (6.9) and (6.10) for 2|h| ≤ √ t. We have
Since 2|h| ≤ √ t and t/2 ≤ s ≤ t, we have
Using the same arguments as in the proof of Lemma 6.6 we get (6.9) and (6.10). 
Proof. Applying Proposition 6.5 and (4.5), we obtain
Now splitting the integral on the right-hand side into two integrals, we get
where φ and ψ are rapidly decaying functions. By Corollary 4.8 we have 
Using the same method as in the proofs of Lemmas 6.6, 6.8, 6.11 one can prove In order to prove the required estimate on B(x 0 , 8r) c we consider two cases.
Case 1: t −dp/2
Case 2: r ≤ 1 4 εR(x 0 ). Then a = 0. Therefore, by Lemma 6.8, for |x − x 0 | > 8r and t < ε 2 R(x) 2 , we have
